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A large class of 4-dimensional A/ = 2 gauge theories

Gaiotto has constructed a large class of 4-dimensional /' = 2 gauge theories
that describe the low energy dynamics of a stack of N M5-branes
compactified on a punctured Riemann surface Cy,) g [Gaiotto 09]Witten 97]

A N = 2 gauge theory is associated to any punctured Riemann surface
Tie <=  Ca.g

Tita),0 IS characterized by the same data labeling the surface
> the genus g

» the number of punctures (fa). There are different types of puncture and
each type is labeled by a Young tableaux with N boxes.



More in details
» (fa) punctures encode the flavor symmetry of the gauge theory 7, ¢

» the different degenerations of the surface Cy,) 4 such that it becomes a
set of pairs of pants connected by thin tubes are associated to the
different S-duality frame of the gauge theory 7, ¢

» the thin tubes connecting the pair of pants are the weakly coupled
gauge groups

» the moduli space of Cy, 4 is equal to the physical parameter space of
ﬁfa);g

Geometrical interpretation of S-duality!!



N=2

Consider N = 2, i.e. the low energy theory of 2 M5-branes

> one type of puncture = only SU(2)’s flavor groups
» one type of pair of pants = only SU(2)’s gauge groups

and in this case
Cig = Tig

» f punctures <= (SU(2))' flavor group
» f4+3g—3thintubes <« (SU(2))**¢~3 gauge group

Let's consider a particular example, Cy 0.



C4, Riemann surface

Let’s consider a degeneration limit of the Cy o
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> 4punctures <= (SU(2))* flavor group
» ltube <= SU(2) gauge group

This is the flavor and gauge group content of the conformal A’=2 SU(2)
gauge theory coupled to 4 hypermultiplets (N; = 4)
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N=2 SU(N) gauge theory with N; = 2N

What is the Riemann surface associated to the conformal N'=2 SU(N) gauge
theory coupled to Ny = 2N hypermultiplets ?

ORE

The flavor group is U(1) ® SU(N) @ U(1) ® SU(N). There are two types of
flavor group thus we need two types of punctures:

» simple puncture associated to U (1) flavor group
» full puncture associated to SU(N) flavor group



C(2,2),0 Riemann surface

The weakly coupled conformal N=2 SU(N) gauge theory coupled to Ny = 2N
hypermultiplets is associated to a degeneration of C5 ») o
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The tube in the center is associated to the SU(N) gauge group

> It is possible to consider different degenerations of C; ») o, where the
punctures are grouped in different ways

» One of the possible degenerations describes a strongly coupled theory
that do not admit a Lagrangian description (s 07]

» Different theories associate to different degeneration of C(, ») o are
related by the S-duality transformations



Can we use this 2D-4D connection to perform quantitative computations?

[AGT 09]: yes!



From 4D to 2D: the AGT proposal

The partition function of four dimensional gauge theories 71,),g(An—1)
defined on S* is equivalent to a correlator of two dimensional Ay_; Toda field
theory defined on Cy,) g [AGT 09]wyllard 09]

ZTf)g - <Vm1 .. vaf>AN_1 Todaon Cs,) g

> there is one primary for each puncture and the momenta my, ..., m; are
related to the masses of the hypermultiplets

» different correlators of the same 2D field theory compute the partition
function of different 4D gauge theories

Where does it come from?



4D Gauge theory side

The partition function for A" = 2 gauge theories on S* can be written as
[Pestun 07]

Zr, = / [da] Z(*) Z(*)

» ais the VEV of adjoint scalars in the vector multiplets
> o labels the S-duality frame

7 includes a perturbative and a non-perturbative factor

Z= Zpertzinstanton

where
Zinstanton = Zinstanton(7'7 a, rlﬁv €1, 62)

» 7 s the gauge coupling
» m are the hypermultiplets masses
> ¢1,6; are the deformation parameters



2D CFT side, N=2

A; Toda field theory is better known as Liouville field theory. It is described by
a 2D Lagrangian Siiou = Stiou(¢, b)

> ¢(z,Z) isa2D scalar field

» b is dimensionless coupling constant

The theory is conformal invariant. The Virasoro primaries that generate the
Hilbert space are given by V,,(z,7) = e2**(*?9, where

> « is the momentum of the primary field

> the conformal dimension is given by A(a) = o(Q — «) where
Q=b+1/b

Conformal Bootstrap Approach: any correlator can be expressed in terms of
3-point functions and conformal blocks



E.G. Consider the case of C4 o

(M1 |Vim, (1)Vimg (2, Z)|Ma)

= / d (M4 Vi, (1)) (Vimg (2, Z) Ma) F by iy e (2) FS i sngms,mg (Z)

where ¢ label the decomposition of the conformal block. In this case

» Considering a different decomposition of the correlator the result does
not change: modular invariance



AGT have pointed out that

Z(U) (7—7a7ﬁ’]751762):]——c(:r21(z)

instanton

Zpert = 3-point functions
Considering

> a~« VEV of the scalars are related to the internal momenta

> M~m masses of the hypers are related to external momenta

> 1 =b,eo=1/b deformation parameters are related to the coupling
constant

> e =7 gauge couplings are related to the worldsheet

coordinates

S-duality invariance of the partition function follows from modular invariance
of the correlator!



2D CFT side, N>2

An_1 Toda field theory is a generalization of Liouville field theory. It is
described by a 2D Lagrangian Sa, , = Sa,_,(¢,b)

> ¢ = > prex where e is a simple root of Ay algebra

» b is a dimensionless coupling constant

There are in total N — 1 holomorphic currents W0+ (i = 1,... N — 1) that
realize a Wy algebra.

The Wy primaries that generate the Hilbert space are given by V,, = e{®®)
> (-,-) is the scalar product in the root space
> « is a vector in the root space of the Ay_; algebra
> the conformal dimension is given by A(a) = 3(a,2Q — a)

Some special states are
» semidegenerate states. There are null states in the Verma module

» degenerate states. « = —bQ; — %Qz, N-1 null states in the Verma
module, (maximum number)



Differently from Liouville the theory is not solved, but there are certain
correlators that can be computed exactly.
E.G. Consider the case of C(32) 0
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Different types of punctures are now associated to different types of primaries

» simple puncture associated to semidegenerate state V, with x = kw1
» full puncture associated to a non-degenerate state Vi, with generic m

The correlator
(M1|Vy, (1)Vys(2z, Z)|Ma)

= / d (M |V, (1)]a) (Vg (2, Z)IMa) FE xgxoma Z)F s xpxams (Z)

reproduce the partition function for the A’'=2 SU(N) theory with Ny = 2N
hypermultiplets!



What happen if we insert non-local operators in the gauge theory?

What are the operators that we can insert without spoiling the 4D-2D relation?



M-theory picture

The N' = 2 4D theories can be thought as the worldvolume theory of
M5-branes compactified on C; 4

4D C

0123456738910
NM;IX XX XXX

We add to the system other M2 or M5 in order to form supersymmetric
intersections



M-theory picture

Let's focus now on this particular M2-M5 intersection

4D C

012345678910
NM5[X X X X X X
M2 |x X X

On the M5-branes worldvolume, the M2-brane manifests itself as
» 1-dimensional operator on the 4D space = % BPS Loop Operator!

» 1-dimensional operator on C; ¢ = Monodromy of a chiral degenerate
state [pGoT 09][AGGTV 09]

The monodromy is evaluated along a curve -y on Cs 4. The magnetic and
electric charge of the loop operator are encoded by the curve ~
[DMO 09][DGOT 09][AGGTV 09]



» The 't Hooft Loop is associated to the monodromy along the curve

» The Wilson Loop is associated to the monodromy along the curve

The monodromy can be computed inserting the degenerate field and
performing a chain of modular transformations of the conformal block

For the Wilson Loop

W= M, ()=

bW, \\/-wa_I bW, b0 bW \/ SN
' | '
’




> For Liouville theory the modular transformations are known explicitly
and one can compute any kind of loop operator: electric, magnetic or
dyonic. For the Wilson Loop case, the result is in agreement with
Pestun [pestun 07].

» For Ay_: Toda field theory the modular transformations are not known
explicitly in the general case

» However, the 4-point correlator relevant for the Wilson Loop involves
two degenerate fields and it results

= 2b(a,hy) —2p2 =
(Va(0)V_bw, (2, Z)V by, (1)Va(0)) = [2[ ™ [1 — 2| "G(z,2)

where G(z, Z) satisfies the generalized hypergeometric equation in the
variables z and z

» The relevant conformal blocks are generalized hypergeometric
functions. Modular transformations are linear transformations relating
different sets of solutions of the generalized hypergeometric equation



L is the set of modular transformations associated to the Wilson Loop

\—=0) M,, ()=

bW, \\/-wa_I bW, SION -bwl\/ b0
| :
’
’

» F&) = F FO where F is the fusion matrix

L-FY=rcFY
where

e P10 _m®
L= Fy M(O)krFrN - M(O)NN



L can be computed using properties of the monodromy group of the
generalized hypergeometric equation. It results [passerini 10]

> the Wilson Loop in the fundamental and antifundamental representation
is associated to the monodromy of the chiral degenerate field V_y.,,

> the orientation of the curve selects between fundamental and
antifundamental representation

> the orientation of the monodromy curve is a new feature of the N > 2
case




» The correlator associated to the partition function of the conformal
SU(N) with Ny = 2N

M1V, (1)V5 (2, Z) IMa)

» The Wilson Loop monodromy modifies the correlator as

/ dal(ma|Va, (1) a) (Vg (2, 2)IMa) FSh xoxaima Z)F S z,xama (Z)

where

1 27 ~ Tl
L= N-I-rF e|2 ba L= NTrF |2 ba

» Using the AGT dictionary, this result is in agreement with the Wilson
Loop expectation value obtained by Pestun [restun 07] using gauge theory!

In agreement also with [pce 10]



M-theory picture

Let's now consider the following M5-M5 intersection

4D C

012345678910
NM5[X X X X X X
M5 |X X X XXX

On the N M5-branes worldvolume, the intersecting M5-brane manifests itself
as

» 2-dimensional operator on the 4D space = % BPS Surface Operator!
> wrap completely the C; 4 = different 2-dimensional CFT! (ar 10]

As argued by Alday and Tachikawa At 10}, this M-theory setup describes a full
ramified surface operator [cw 0g]



full ramified surface operators

A ramified surface operator is defined imposing that the fields in the theory
posses a certain singularity on the 2D subspace where the operator is
supported

On the plane where a full operator is located
» the unbroken gauge group is U(1)N~*
> N — 1 monopole numbers ¢ = 5 [, _Fi

2n

A full ramified instanton is characterized by N topological quantities
(K, €1, . 0n—1)



Instanton function with surface operators

The instanton partition function is given by [sraverman 04][BE 04][Negut 08][FFNR 08][AT 10]

Zinstanton = Z ZR’()‘) H yikl
A i

> ki =k ki1 = ki + 4

> X =(A1,..., ) is a vector of Young tableau
> k= N

| 4

Z.(X) depends on the field content



N =2 SU(N) gauge theory with Ny = 2N

Let's focus on the N' = 2 SU(N) gauge theory with N; = 2N hypers with a full
ramified surface operator. We define [xppw 10]

» 7O the sum of all terms with ki # 0 and kj = O for i # |
» 7MW the sum of all terms with ki # 0, ki = 1 forand kr = O forr # i,

Thus

Zinstanton = Z Z(O)’i + Z Z(l)»i»] o
i i

where

co (Ml _ A 4 |1 i 3
zoi 3o e st el k)
(2 = &+ Zlg) + Dot

n=1 €1

> g; are the Coulomb branch parameters
> i, fij are the hypermultiplets masses



N =2 SU(2) theories and affine SL(2) algebra

The instanton partition function for A" = 2 SU(2) gauge theories with a full
ramified surface operator are equivalent to modified affine SL(2) conformal
blocks (AT 10]

Affine SL(2) algebra is defined by

K -
7, dn] = 5 Nonemo, PR, In] = +J5im, B, dn] =230 + KN dnimo

> |j) primary state, Jgli) = jlj) and I, |i) = 37 ,4[i) = Ii'li) =0

> Vj(x,z) primary field, x is an isospin variable and z is the worldsheet
coordinate

The generators act on the primary fields as differential operators
[9n,Vi(x,z)] = 2"DV,(x, 2)

DF =2jx —x%d, D% = —x& +], D™ =&



E.G. for the ' = 2 SU(2) gauge theory with N = 4 hypermultiples it results
Zinstanton = (1 — Z)2j2(7j3+k/2) (121V;, (1, 1)V (%, 2) lia)

where

Zn
V= KV, K(x,z —exp{ 2n < "I 7\]*”)]
It can be evaluated pertubatively considering the decomposition
D (Ve (L D), AT)X a4 ()N AT Vi (%, 2) i)
n,A;n’ A/

The components Z (%' of the instanton function are reproduced by terms with
the following internal states [kppw 10]
> (I that gives a x" term

> (35" that gives a (2)" term



The complete dictionary is

— _ Z - 1 a _ €
> y1 =X, y2_;7 J__§+€_i'7 k__z_ﬁ

i _atetpm—po i 2eateptpitup
> == 2¢p ’ l2=— 2¢q

i _ 2eatep—jii—fip _ _&atetiig—ip
> 3=- 2¢q v Ja=— 2¢q

What about the SU(N) gauge theories with N>2 ? [kppw 1]



N =2 SU(N) theories and affine SL(N) algebra

Affine SL(N) algebra is generated by
I, Ny I, I (i#1)
N—1:

> |j) primary state, is labeled by j = >~._; j'wi where w; are the
fundamental weights of SL(N)

> Joli) ='li) and 3" li) =0, Jgli) =0 (i >1), i) =0 (n>0)
> Vj(x,z) primary field, x is a vector of isospin variables and z is the
worldsheet coordinate
The generators act on the primary fields as differential operators
[35, Vi(x, 2)] = 2"D*Vj(x, 2)

In general, x is a vector of N(NT‘” isospin variables and D* are differential

operators in these variables. Too many isospin variables!



The primary field V,, with x = xw; depends only on N — 1 isospin variables
and the action of the generators on these fields is expressed in terms of
differential operators D* that depends on N — 1 isospin variables

Let's focus on the conformal A’'=2 SU(N) gauge theory coupled to Ny = 2N
hypermultiplets, i.e.

> simple puncture associated to a state V,

» full puncture associated to a state V; with generic j



The instanton function is equivalent to

Z <j1|VX2(17 1)|n7A;j>Xn_,A1;n’.,A’(j)<n/7A/;j|VX3 (X7 Z)|J4>

n,A;n’ A’

where
VXi (sz) = VXi (sz)KT(sz)

and the dictionary is
> Y1 =X, yi+1:x'x—+i1 (1<i<N=-2), YN = 2

XN -1

jl— 14 a-ain — _N_ 2
>]_ 2+ 2eq ’ k_ N €1

> =R g, =it g)



Conclusions

» We have shown that also also when N > 2 the AGT can be extended to
provide a 2D description of 4D gauge theory Wilson loops.

» We have shown that orientation of the monodromy is relevant for the
charge of the loop, when N > 2.

» Can we classify loop operators when N > 27? [GL 10]

> We extended the AT proposal to the case N > 2 and to the
non-conformal theories.

» Can we reproduce the full partition function considering the correlator of
some CFT with affine algebra?

» What is the physical meaning of the KC operator?
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