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A large class of 4-dimensional A/ = 2 gauge theories

Gaiotto has constructed a large class of 4-dimensional /' = 2 gauge theories
that describe the low energy dynamics of a stack of N M5-branes

compactified on a punctured Riemann surface C,) g [Gaiotto 09] [Witien 97]

A N = 2 gauge theory is associated to any punctured Riemann surface
C(fa)»g — ﬂfa);g

71,9 IS Characterized by the same data labeling the surface

» the genusg

» the number of punctures (fa)
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More in details

> (fa) punctures encode the flavor symmetry of the gauge theory 7, ¢

» the different degenerations of the surface Cy,) 4 such that it becomes a

set of pairs of pants connected by thin tubes are associated to the
different S-duality frame of the gauge theory 7, ¢

» the thin tubes connecting the pair of pants are the weakly coupled
gauge groups
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N=2 SU(N) gauge theory with N; = 2N

hypermultiplets

Let's consider the conformal N'=2 SU(N) gauge theory coupled to Ny = 2N

ORE

The flavor group is U(1) ® SU(N) @ U(1) ® SU(N). There are two types of
flavor group thus we need two types of punctures:

» simple puncture associated to U (1) flavor group

» full puncture associated to SU(N) flavor group
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C(2,2),0 Riemann surface

The weakly coupled conformal A’'=2 SU(N) gauge theory coupled to
Nf = 2N hypermultiplets is associated to a degeneration of C, ) o

L I WOXO) >

The tube in the center is associated to the SU(N) gauge group

» One of the possible degenerations describes a strongly coupled theory
that does not admit a Lagrangian description (s 07]

» Different theories associate to different degeneration of C; 5) o are
related by the S-duality transformations

» Geometrical interpretation of S-duality

It is possible to use the 2D-4D connection to perform quantitative
computations!! [AGT 09]
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From 4D to 2D: the AGT proposal

The partition function of four dimensional gauge theories 71, g (An-1)
defined on S* is equivalent to a correlator of two dimensional Ay_; Toda field
theory defined on C,) ¢ [AGT 09)wyllard 09]

ZTf g — <Vm1 .. ~me>AN,1 Todaon Ct,) g

» there is one primary for each puncture and the momenta my,
related to the masses of the hypermultiplets

., m; are
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C(2,2),0 Riemann surface

E.G. Consider the case of C(, 5) 0

o 00® >

Different types of punctures are associated to different types of Wy primaries
> simple puncture associated to semidegenerate state V, with x = xw;
» full puncture associated to non-degenerate state Vi, with generic m

The correlator
(M1|Vy, (1)Vys(z, Z)|Ma)

a,My,X2,X3,M4

= / d My Vi, (1)) (el Vs (2, 2)IMa) FSh o xaima (2)F S0 ()

reproduce the partition function for the A’'=2 SU(N) theory with Ny = 2N

hypermultiplets! o 9 - =
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For these gauge theories Z7; , = [[da] Z(*) 7(@) where Z = ZpenZinstanton
[Pestun 07]

AGT has pointed out that

ZL) on(m M e1,€2) ~ FW(2)

Zpert ~ 3-point functions
Considering

> a~a VEV of the scalars are related to the internal momenta
> Mm~m masses of the hypers are related to external momenta

> e2mT =7 gauge couplings are related to the worldsheet
coordinates



M-theory picture

The N' = 2 4D theories can be thought as the worldvolume theory of
M5-branes compactified on Cs,) g

4D C

0123456728910
NM;IX XX XXX

To insert non-local operators in the gauge theory, we add to the system other
M2 or M5 in order to form supersymmetric intersections
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M-theory picture

Let's now consider the following M5-M5 intersection

4D C
0123456728910

NMSIX X X X X X

MS5|X X

X X XX
On the N M5-branes worldvolume, the intersecting M5-brane manifests itself
as

» 2-dimensional operator on the 4D space = % BPS Surface Operator!
> wrap completely the C; 4 = different 2-dimensional CFT! (ar 10]

As argued by Alday and Tachikawa 4t 10}, this M-theory setup describes a full
ramified surface operator [cw 0g]



full ramified surface operators

A ramified surface operator is defined imposing that the fields in the theory

posses a certain singularity on the 2D subspace where the operator is
supported

On the plane where a full operator is located
» the unbroken gauge group is U(1)N~*
1
> N — 1 monopole numbers 4 = 5= [, _,Fi

A full ramified instanton is characterized by N topological quantities
(K, €1, 0n—1)

u]
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1
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Instanton function with surface operators

The instanton partition function is given by [sraverman 04][BE 04][Negut 08][FFNR 08][AT 10]

Zinstanton = Z ZR’()‘) H yikl
A i

> ki =k ki1 = ki + 4

> A= ()\1,..., ) is avector of Young tableau
> k= A

> Z (A) depends on the field content
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N =2 SU(N) gauge theory with Ny = 2N

Let's focus on the N' = 2 SU(N) gauge theory with N; = 2N hypers with a full
ramified surface operator. We define [xppw 10]

» 7O the sum of all terms with ki # 0 and kj = O for i # |

» zM the sum of all terms with ki # 0, ki = 1 forand kr = O forr # i,
Thus

Zinstanton = Z Z(O)’i + Z Z(l)»i»] )
i i
where

oo (Hitl _ & 4 |1 A
Z(o)’i = Z €1 €1 + €1 LNJ +1)n(61
a
oy (_+1 _

aj
o
EY € i
- R D
» g; are the Coulomb branch parameters

> uj, fij are the hypermultiplets masses

(—Yi)n
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N =2 SU(2) theories and affine SL(2) algebra

The instanton partition function for AV = 2 SU(2) gauge theories with a full

ramified surface operator are equivalent to modified affine SL(2) conformal
blocks (AT 10]

Affine SL(2) algebra is defined by

K -
7, dn] = 5 Nonemo, PR, In] = +Jnim, B, dn] =230 + KN dnimo

> |j) primary state, Jgli) = jlj) and I, |i) = 37 ,4[i) = Ii'li) =0

> Vj(x,z) primary field, x is an isospin variable and z is the worldsheet
coordinate

The generators act on the primary fields as differential operators
[9n,Vi(x,z)] = 2"D*V;(x, 2)

DF =2jx —x%8, D% = —x& +], D™ =&

!
V)
P
i)



E.G. for the ' = 2 SU(2) gauge theory with N = 4 hypermultiples it results
Zinstanton = (1
where

22T HI2) (4, 1 (1, 1)V, (X, 2) [ia)
v

K(x,z) = exp { 2n

n
1 z
( "I, 7J*n)]
It can be evaluated pertubatively considering the decomposition
n,A;n’ A/

D (Ve (L D), A)X a4 ()N AT Vi (%, 2) i)

= KV,

The components Z

the following internal states [kppw 10]

of the instanton function are reproduced by terms with
> (Jo)"i)  thatgives ax" term
> (35)")

that gives a (2)" term
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The complete dictionary is

— _z —_1 a — €2
>yl_xa y2_;7 J__§+a7 k——z—a
i _atetpm—po i 2eateptpitup
> =~ €1 ’ l2=— 2¢q
i 2etep—fin—fip -
> J3=— 2e1 y Ja=

_eatertfin—jip
2¢p

What about the SU(N) gauge theories with N>2 ? [kppw 1]



N =2 SU(N) theories and affine SL(N) algebra

Affine SL(N) algebra is generated by

In, I I, SN ()
> |j) primary state, is labeled by j = S ')’
fundamental weights of SL(N)

iwi where w; are the
> Joli) =j'li) and J5"[j) =0,

Joliy =0 (i>1),
worldsheet coordinate

Jli) =0 (n>0)
> Vj(x,z) primary field, x is a vector of isospin variables and z is the

The generators act on the primary fields as differential operators

—1)

[, Vi(x, 2)] = 2"DV;(x, 2)
In general, x is a vector of Y%
operators in these variables. Too many isospin variables!

isospin variables and D* are differential
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The primary field V,, with x = xw; depends only on N — 1 isospin variables
and the action of the generators on these fields is expressed in terms of
differential operators D* that depends on N — 1 isospin variables

Let's focus on the conformal A’'=2 SU(N) gauge theory coupled to Ny = 2N
hypermultiplets, i.e.

> simple puncture associated to a state V,

» full puncture associated to a state V; with generic j



The instanton function is equivalent to

n,A;n’ A’

Z <j1|VX2(17 1)|n7A;j>Xn_,A1;n’.,A’(j)<n/7A/;j|VX3 (X7 Z)|J4>

where
VXi(X7Z) :VXi(sz)K:T(sz)
and the dictionary is
> yi=xXi, Y=t (L<i<N-2),  yn =i
SRRt k=-N-2
> =Rt g),  dh=

- % + <hi7j1+ §>
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Conclusions

with N > 2

> We extended the AT proposal to the case of conformal SU(N) theories

» We discussed also the AT proposal for non-conformal theories

» Can we reproduce the full partition function considering the correlator of
some CFT with affine algebra?

» What is the physical meaning of the K operator?
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