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Recently, many exact results for gauge theories on compact
manifolds using localization techniques

useful to study holography, 3d-3d duality, holomorphic blocks
(Sara’s talk), .....

Most relevant for this talk:

AGT correspondence: relates certain BPS observables in 4d and 2d
gauge theories to Liouville/Toda CFT correlators
[Alday-Gaiotto-Tachikawa],[Wyllard]

classification of line operators
VEV of BPS line operators and S-duality action on them
VEV of surface operators

VEV of domain walls
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Today: focus on 3d and 5d gauge theory partition functions and
relate them to correlators with underlying g-Virasoro symmetry



SUSY theory on a compact manifold M of dimension d, with fields W
Localization:  Zy = [ Dipe ™Vl = [ DWge= Yol Z; 1,0 [Wo]

Wy: field configurations satisfying localizing (saddle point) equations
a different localization schemes can produce different set of saddle
points, Wy

AVES fD¢e—S[W] = f DwOe_S[wO]Zl—Ioop[wO]

= f D\TJO eis[qlo] Zlfloop [{I}O]



SUSY theory on a compact manifold M of dimension d, with fields W
Localization:  Zy = [ Dipe ™Vl = [ DWge= Yol Z; 1,0 [Wo]
Wy: field configurations satisfying localizing (saddle point) equations
a different localization schemes can produce different set of saddle
points, Vg

Z = [ DypeM = [ DWoe3IVol Zy o, [Wo]

= f D\TJO eis[‘IJO] Zlfloop [{I}O]

[Pestun]
W, given by: e zero mode of a vector multiplet scalar a
point-like instantons at North and SOII!;IAth poles
e N
VAR /H da; Ze/(&, 7) Z1—joop(a, 1i; €1, €2) |
/ Re.c |
— 2 - e
X Zinst(a7 maT;ElaGZ) S

Zinst(3, M, T; €1, €2) is the instanton partition function on Rﬁhez.



Liouville CFT data
cv = 1+ 6Q2 is the Virasoro central charge (Qy = by + 1/by)

Vi(z, Z) primary field with conformal dimension A, = a(Qy — &)
a= % + ipa With p, € R: non-degenerate representation
m,n) _ Qo m nby

al =3 3~ 3 with n, m € N: degenerate representation

C(a, B,7) 3-point correlation function, DOZZ formula
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» cy = 1+ 6@2 is the Virasoro central charge (Qo = by + 1/by)

» V,(z,Z) primary field with conformal dimension A, = a(Qy — @)
= % + ipa With p, € R: non-degenerate representation
(m,n) _ Qo m nby

] =3 " 2 with n, m € N: degenerate representation

» C(a, B8,7) 3-point correlation function, DOZZ formula

Any n-point function is decomposed in terms of 3-point functions
Basic example: 4-point function “

(004 Vi (1) Vs ()l ) = / do

- /daC(O‘Zv0‘3»0‘)C(0‘*aa2va1)|CAu7Aa27Aal]:a4awaza1(<)|2

a3
| o oy

Consistent CFT data satisfy crossing symmetry

o, oy a, a,
—
Jda Jda
o
& <1 oy & oy



S* gauge theory BPS observables < Liouville/Toda CFT correlators
[Alday-Gaiotto-Tachikawal)

The prototypical AGT example: $* partition function of SU(2) SCQCD
(Nf = 4) is equivalent to a 4-point non-degenerate correlator

Q. O3

Z;CQCD = <Oé4|va3(1)\/042(§)|a1>
Dictionary:

2d CFT 4d gauge theory

conformal blocks Fa,az0aza; instanton contribution Zj,s¢
3 — point functions C(..)C(..) | perturbative contribution Z;_jo0p
external momenta «; masses m;

internal momentum « coulomb branch a




why AGT works

» Perturbative tests and direct proofs in special cases
(N = 2%, pure SU(N), €1 + €2 = 0 etc).

recent mathemetical results [Maulik-Okounkov],[Schiffmann-Vasserot]

instanton partition functions < conformal blocks

» generalized N' = 2 S-dualities (surface pants-decomposition for
class-S theories) correspond to different channel decomposition of
the correlator

S-duality invariance of Zss < crossing symmetry of the correlator



why AGT works

» Perturbative tests and direct proofs in special cases
(N = 2%, pure SU(N), €1 + €2 = 0 etc).

recent mathemetical results [Maulik-Okounkov],[Schiffmann-Vasserot]

instanton partition functions < conformal blocks

» generalized N' = 2 S-dualities (surface pants-decomposition for
class-S theories) correspond to different channel decomposition of
the correlator

S-duality invariance of Zss < crossing symmetry of the correlator
S* partition functions and Liouville correlators constrained by the same

symmetries = they are solutions of the same bootstrap equations,
therefore are equal!



AGT with surface operators

surface operators: codimension-2 operators defined by the path integral
in the presence of prescribed singularities along the defect surface.
They can be defined also coupling the 4d gauge theory to a 2d field
theory on the defect.[Gukov-Witten]
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a; 3

(surface operator)scocp =

o ,

» Decoupling 2d theory from 4d theory [Doroud-Gomis-Le Floch-Lee]
o,  —byl2

= <V0é4 Vas (1) Vfb/Z(Z) VOé1> = gZQED
o o
» Previous results: degenerate conformal blocks <+2d vortex counting
[Dimofte-Gukov-Hollands],[Kozcaz-Pasquetti-Wyllard],[Bonelli-Tanzini-Zhao].



Two localization schemes — two representations of the partition function

[Benini-Cremonesi],[Doroud-Gomis-Le Floch-Lee]

U(1) gauge group, N¢ chirals m;, N¢ anti-chirals rf;, with FI £.

Coulomb branch:

ZS2 = Z/da ch(a,5,§70) Zl—/oop(aa m_)75)

seZ
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(2,2) theory on S2

Two localization schemes — two representations of the partition function

[Benini-Cremonesi],[Doroud-Gomis-Le Floch-Lee]

SQED: U(1) gauge group, Nf chirals m;, N¢ anti-chirals mj, with FI &.
» Coulomb branch:

s = /da Zc/ a S, f 9) Z_ loop(a m 5)
seZ
» Higgs branch

. . 2
2o =35 2020, |||

are evaluated on Higgs vacua a = a')(ri).

>ZZ()

1—loop

> ZVi is the vortex partition function on R?: [Shadchin]
N (=imj — i)k omirk 0 2mit
Z(I m 27\'!7’ ] J e = nF e
v ZH k' 1 + imj — lmi)k f fol( )

» where 7 = 5- + i, and the pairing: Hf a; Z)H f(a; z)f(a; 2).
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> ZVi is the vortex partition function on R?: [Shadchin]
N (=imj — i)k omirk 0 2mit
Z(I m 27\'!7’ ] J e = nF e
v ZH k' 1 + imj — lmi)k f fol( )

> where 7 = £ 4 ¢, and the pairing: Hf a; Z)H = f(a; z)f(a; 2).

Flop Symmetry: ZS2 is invariant under : £ <+ —§ and m; <> —m;



The Bootstrap approach to Liouville

Conformal Bootstrap Approach: impose crossing symmetry to derive
3-point functions. Useful to consider degenerate representation of
Virasoro. [Belavin-Polyakov-Zamolodchikov]

» 4-point function with a degenerate insertion [Teschner]

<Va4(OO) Vas(l) V,b0/2(Z, 2) Va1(0)> ~ G(Z’E)

» V_p2(2, £) has a null state at level 2, leading to
D(a, b;c;z)G(z,2) =0, D(a, b;c;2)G(z,2) =0

where D(a, b; c; z) is the hypergeometric differential operator
D(a.bi€;2) = 2(1 ) & +[c — (a+ b+ 1)] 5, — ab
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Conformal Bootstrap Approach: impose crossing symmetry to derive
3-point functions. Useful to consider degenerate representation of
Virasoro. [Belavin-Polyakov-Zamolodchikov]

» 4-point function with a degenerate insertion [Teschner]

<Va4(OO) Vas(l) V,b0/2(Z, 2) Va1(0)> ~ G(Z’E)

» V_p2(2, £) has a null state at level 2, leading to
D(a, b;c;z)G(z,2) =0, D(a, b;c;2)G(z,2) =0
where D(a, b; c; z) is the hypergeometric differential operator

D(a.bi€;2) = 2(1 ) & +[c — (a+ b+ 1)] 5, — ab

G(z,Z) is a bilinear combination of solutions defined around singular
points 0,1, co



Around z =0
19(z2) = 2Fi(a, biciz), K (z) =z F(1+a—cl+b—c2—c;z)

this is the s-channel
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(Viay (00) Viay (1) Vi, (2 Z 1)K (2

=L

Z K(S)

)
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this is the s-channel

<V044(OO) VO&3(1)V012 Z /(S /(s) Z K(s)

hi=1 —byl2  ay

diagonal monodromy around z =0 — K\ = K{) =0
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WEL

diagonal monodromy around z =0 — K\ = K{) =0
the element of K are related to 3-point functions
K = Clas, 03, ) C(Qo — Br, —bo/2, 1)
K3 = Clas, a3, 657) C(Qo — B2, —bo/2, 0n)

where the internal states are ﬂis) =aq — %, 5§5) =a1+ %
pairing
2
Hf(a,b,c,z)H = f(a, b,c,z)f(a,b,c,Z2)

ool

c;z)



Around z = o0
/1(u)(2) =z ?R(al+a—cl+a—bz1)
IQ(U)(Z) =z P,R(bl+b—cl+b—azl

this is the u-channel



/1(u)(2) =z ?R(al+a—cl+a—bz1)
Iz(u)(z) =z P,FR(b,1+b—cl+b—az?)
this is the u-channel

(Vi (00) Vias (1) Vi, (2) Vi, (0)) ~ Z /( Z)K( I(u)(z ZK’.E.”) ()

ij=1

2

—b,l2 oy



Around z = ¢

(z) =z
(z) =z

this is the u-channel
(Via (00) Vs (1) Vo (2)

Conformal Bootstrap:

extending a set of solutions by analytic continuation /

we obtain

Z Kii MMy =
k=1

2F1(a,1+a—c;1+a—b;z_1)
2Fi(b,1+b—c;1+b—az )

V., (0)) ~ Z K1 (2) = KLY
ij=1 _ho/? a, i
—by/2 oy —b,l2 oy
pIR E — \ﬁt
a, ' Bl oy a, Oy
Z_] 1 M’J I_/(U)

(1)
Kij

This set of equations determines the 3-point functions.

2



off-diagonal elements

KQ(Z) _ M1 My
Kl(i) Ma1 Mo,

diagonal elements

Moy Mia Moy Moo
= (My)? — 22222722 — 22 (det M
KS) (Me2) My, /V/n( )



off-diagonal elements

KQ(Z) _ M1 My
Kl(i) Ma1 Mo,

diagonal elements

Moy MiaMoy Mo

= (M>,)? —
(Mz2) My - My

—==(det M)

The DOZZ formula solves both the equations

1 S T(2ay)
Clay,an, d
((}1/0/2’0{3) (2()17' — Qo rl_[l T 2&7’ — 2 )
where 2a+ = a1 + a» + a3 and
T(X)oc [ X+ mbo+nl/be) (=X + (n1 +1)bo + (n2 + 1)1/bo)
n1,n2:0

Conformal Bootstrap approach: 3-point function is derived exploiting
symmetries, without using the Lagrangian.



Comments on the relation: ZiQED = (Va, (00) Vi, (1) V_p2(2) Vi, (0))

» vortices moduli space are slices of instantons moduli space. Indeed

2d vortex partition functions < degenerate conformal blocks

» flop transformations correspond to different channel decomposition
of the correlator.

flop symmetry invariance of Zs2 < correlator crossing symmetry
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Comments on the relation: ZiQED = (Va, (00) Vi, (1) V_p2(2) Vi, (0))

» vortices moduli space are slices of instantons moduli space. Indeed

2d vortex partition functions < degenerate conformal blocks

» flop transformations correspond to different channel decomposition
of the correlator.

flop symmetry invariance of Zs2 < correlator crossing symmetry

52 partition functions and degenerate Liouville correlators satisfy the
same constraints thus they are equivalent.

We will now argue that a similar story holds in 3d. We start by reviewing
3d partition functions.



1
S3: bzl + E\zz\z —

Coulomb branch localization scheme [Hama-Hosomichi-Lee].

U(1) gauge group, N¢ chirals m;, Nf anti-chirals i, with FI &.

+m;+iQ/2)
ZSQED:/d Gc 'Gfoo :/d 27ixé Sb X J
S X | 1—loop X € Hsb(x+mk—/Q/2)

The 1-loop contribution of a chiral multiplet is:

mb—i—nb’l—&—%—ix
(x) 11 mb+ nb~1 + & + ix Q=b+1/

m,n€Z>q
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Coulomb branch localization scheme [Hama-Hosomichi-Lee].

U(1) gauge group, N¢ chirals m;, Nf anti-chirals i, with FI &.

+m;+iQ/2)
ZSQED:/d Gc 'Gfoo :/d 27ixé Sb X J
2 X Gef + Gi—toop X e Hsbx+mk—/Q/2)

The 1-loop contribution of a chiral multiplet is:

mb—i—nb’l—&—%—ix
(x) 11 mb+nb~1 + £ + ix Q=b+1/

m,nEZZO

Flop Symmetry: ZgQED is invariant under : m; <> —my and & <> —§
this signs flip exchanges phase / and phase //



Higgs-branch-like factorized form: [Pasquetti]

Ne )
SQED i) ~(i j
ZSQ :ZGcgll)Gl(Qloop ‘Zs/l)' S’
G( )G1 loop are evaluated on Higgs vacua x = —m;

N .
G\ — g—2mitm; ct 1 so(mj — m; +iQ/2)

cl ) 1—loop = 1_{ Sb(ﬁ"lk —m — IQ/2) 9

55

g-deformed 2d vortices:

V _ZH ka ;. n o — Nf¢%271(f,y;z).

- i (@ixi i q)n



Higgs-branch-like factorized form: [Pasquetti]

N¢ 2
SQED i) (i i
ZSQ :ZGcgll)Gl(Qloop ‘ZS)HS’
G( )G1 loop are evaluated on Higgs vacua x = —m;

B 1’1[ so(mj — mi +iQ/2)

G(’) — e—27‘ri£m,- G(’) ;
p sb(mk —m; —iQ/2)

cl ’ 1—loop —

55

g-deformed 2d vortices:

)’kX : i 5o
2y —ZH D= 0l L (5512)
J

; n
Vortices are glued with S-pairing:

[resa)| = Fox a)f(x

X
Q2
N—r

27rXb

42 - 2
X = o %= 27rX/b7 _ p2mib _ e27rl/b

where x variables are x; = e>™™Mib y;, = 2™Mb 7 —¢



Computes the (generalized) super-conformal-index
[Imamura-Yokoyama],[Kapustin-Willet], [Dimofte-Gukov-Gaiotto].

with fugacities:
(¢i,1i), i=1,--- Ny, flavor U(1)M,
(&, 1), i=1,--- N, (anti) — flavor  U(1)M
(w, n), topological U(1),
(t,s), gauged U(1).

Nf Nf
Zig = /—t”wSHx(t¢j,s+rj)Hx(tflg;l,—s—/k).
j=1 k=1

The 1—Ioop contribution of a chiral multiplet is:

1/2 /2 1 _ qk+1<- lq—m/2)
x(¢,m) = (q H (1— qkCq-m72)



N = 2 theory on 5% x S?

Computes the (generalized) super-conformal-index
[Imamura-Yokoyama|,[Kapustin-Willet], [Dimofte-Gukov-Gaiotto]

SQED with fugacities:
(¢i7ri)7 i:]-a"'Nfa
(gia/i)a i:17"'Nf7

(w, n), topological U(1),
(t,s), gauged U(1).

flavor  U(1)M,

Nf Nf
Ziy = /—t”ws [T x(ts,s+nm) [ (e et —s -
j=1 k=1

The 1—Ioop contribution of a chiral multiplet is

1/2 )2 1 _ qk+1<- lq—m/2)
x(¢,m) = (q H (1— qkCq-m72)

Flop Symmetry:
ZZQED is invariant under : w < w™t, n < —n, Pj < &1
exchanges phase | and phase //

(anti) — flavor  U(1)Mr,

).

o=



Higgs—branch—like factorized form: [Beem-Dimofte-Pasquetti],[Hwang-Kim-Park]

112
ZSQED ZG()Glloop ‘Z\’/ g

1

G(')G(') are evaluated on Higgs vacua t = ¢; ', s = —r;:

1—loop

Nr
6P =wi(e ", G, = Hx¢,¢— =) [T x(eigc =)
k=1

» g-deformed 2d vortices:

)/kX ; n n i > -
V _ZH T 1.\ ¢ T Nfcbs\lzfl(x’y;z)'

anqX-’ ;)n



Higgs—branch—like factorized form: [Beem-Dimofte-Pasquetti],[Hwang-Kim-Park]

112
ZSQED ZG()Glloop ‘Z\’/ g

1

> G(')G(') are evaluated on Higgs vacua t = ¢; ', s = —r;:

1—loop

Nr
GC(;) :wiri(qﬁi_l)n’ 1/oop HX ¢J¢_ _rl)HX(¢i£;17rf_lk)7
k=1
» g-deformed 2d vortices:

)/kX ; n n i > -
V _ZH T 1.\ ¢ T Nfcbs\lzfl(x’y;z)'

ik (@9 )
» Vortices are glued with id-pairing:
foqH f(x; q)f(%:§),
-1

X X=X, g=4=q

where x variables are x; = ¢;q"/?, y; = &q"/?, z=wq"/?



On the Coulomb branch it's a trivial symmetry of the integrand

On the Higgs branch it translates into highly non-trivial relations
between partition function in the two phases
(analytic continuation in z — z71)

N¢
/
Ziﬁi = ZGE/) Gl/oop

), 1 1
Z G]Flc)mp

207

ld_

I

W
‘Z‘(/) Hd =Z.

Ny
I i
= ZG() lloop ’Z() H =
Ny
1 ), 1l
:ZGC( llgop ‘Z HS:Zg

=-Can these relations constrain the 1-loop part of the partition function?



3d partition functions and g-deformed CFT

3d partition functions, in the Higgs branch expression, have a structure
similar to degenerate Liouville correlators

2

z{/(

N¢
Zus =Y G Glivop| | ZV|
i=1 ’

> gauge theory flop symmetry = crossing symmetry

» g-deformed hypers as conformal blocks = g-deformation of Virasoro



3d partition functions and g-deformed CFT

3d partition functions, in the Higgs branch expression, have a structure
similar to degenerate Liouville correlators

2

z{/(

N¢
Zus =Y G Glivop| | ZV|
i=1 ’

> gauge theory flop symmetry = crossing symmetry

» g-deformed hypers as conformal blocks = g-deformation of Virasoro

We will construct g-deformed degenerate correlators using the bootstrap
approach. These correlators are equivalent to 3d partition functions.



g-deformed Virasoro algebra Virg ;

Virg,+ has two complex parameters g, t (useful to consider p = %) and an
infinite set of generators T, with n € Z
[Shiraishi, Kubo, Awata, Odake|[Lukyanov-Pugai] [Frenkel-Reshetikhin][Jimbo-Miwa]

[T,,, Tm] =

(1-qQ-t)

[eS)
- fl Tn—ITm I — Tm—/Tn 1) —
> il + +1) 1

(P" =P ")0msno0

where

1(1-— 1—t"
Zf/z—exp Zn( qlifp" )z"

» invariant under: (q,t) — (¢~ t71) and (g, t) — (t,q)
» considering: t =q¢~% and q-—1
Virg,+ reduces to the Virasoro with central charge cy =1+ 6Qg

(T(z) =, Taz " reduces to the Virasoro current L(z) = 3" L,z "7?)



Representations of Vir, : can be constructed using Verma modules

The highest weight state |\) satisfies
TolA) = AA), TolA) =0 for n>0

the Verma module M () is constructed acting on the highest
weight state |\) with the operators T_, with n >0

Verma modules can include singular states. In particular, there is a
level 2 singular vector for the following values of the parameter A

A = pt/2qt2 4 p Y212, Ay = pt/2t12 4 p=1/241/2



Representations of Vir, : can be constructed using Verma modules

The highest weight state |\) satisfies
TolA) = AA), TolA) =0 for n>0

the Verma module M () is constructed acting on the highest
weight state |\) with the operators T_, with n >0

Verma modules can include singular states. In particular, there is a
level 2 singular vector for the following values of the parameter A

A = pt/2qt2 4 p Y212, Ay = pt/2t12 4 p=1/241/2

Chiral blocks with degenerate primaries satisfy difference equations
[Awata, Kubo, Morita, Odake, Shiraishi] [Awata, Yamadal][Schiappa,Wyllard]



g-deformed Bootstrap Approach: Consider degenerate chiral blocks,
constrained to satisfy difference equations. Impose crossing symmetry to

derive 3-point functions.
4-point function with a degenerate insertion
(Ve (00) Vs (1) Ve, (2, 2) Vi, (0)) ~ G(2,2)
V., (z, Z) has a null state at level 2, leading to
D(A,B; C;q;2z)G(z,z) =0, D(A, B; C;§,2)G(z,%) =0,
where D(A, B; C; q; z) is the g-hypergeometric operator

D(A,B; C:q:z) = h O3\ 02y,
, b, L. q; - 28q22 lan 0

and aa—"z is the g-derivative. It acts on a function f(z) as
q

ﬁ (Z) _ f(qz) _ f(Z)
0qz z(g—1)

G(z,Z) is a bilinear combination of solutions of the g-hypergeometric eq.



Around z =0

1) = ,04(A,B; C; 2)
(o — HdC 1z hq)
() —

—1 —1. 2,-~-1.
0(gC—1;9)0(gz=1; q) 2P1(gACT, gBC g7 C T 2)

» Virasoro limit g — 1: limg—1 2®1(¢%, 4% 6% q,2) = 2F1(a, b; c; 2)
and the solutions become the s-channel basis discussed above



1) = ,04(A,B; C; 2)
(s) 0(¢°C 'z q)
I

—1 —1. 2,-~-1.
0(gC—1;9)0(gz=1; q) 2P1(gACT, gBC g7 C T 2)

Virasoro limit ¢ — 1: limg—1 2®1(q%, ¢%; 9% q,2) = 2F1(a, b; ¢; z)
and the solutions become the s-channel basis discussed above

so in the s-channel

ij=1
2 o, oy
L TSl S
i=1 i i
a, B ay

. .. 2 .
generic pairing H()H . For instance
2
Hf(/‘LB, C;z:q)

= f(A, B, C;z q)f(A B, C; % §)




[ _  0gAz7hq)

L 0(A L 9)0(gz L q)
(u) 0(gB~'z7"; q) 1. a1, 2.1
1 = ®,(B,gBC~ 1 gBA

2 9(3_1;q)9(qz—1;q) 2 1( »d i q qz )

2®1(A, gAC™ L gAB™ L P27 1),

in the g — 1 limit we recover the undeformed u-channel basis



[ _  0gAz7hq)

L 0(A L 9)0(gz L q)
(u) 0(gB~'z7%; q) 1. pacl. 2.-1
1 = ®,(B,gBC~ 1 gBA

2 G(B_l;q)ﬁ(qz—l;q) 2 1( »d i q qz )

201(A, gACT Y gAB ™ g%z 7)),

in the g — 1 limit we recover the undeformed u-channel basis

The correlation function in the u-channel is

2
(Voo (00) Viag () Vs (2) Vi (0)) ~ 37 T K1)
ij=1
2 o, o,
= Z Kis'U) /’-(U) - Z A

i=1 i B




a, o, oy

\\
e N
— B

a, Bl [H a, o
i

g-deformed Bootstrap:

2 2

2 2
k|9 9] = |+ s

*



g-deformed Bootstrap:

o, Biu o, o, o
)]0 ©)][ (@] 2w w]]?
K[|k + K>, = K11 + Ky |1
using analytical continuation I ZJ 1 M J ) and l 212 1 /\/I,JIJ(”)
we obtain

2
> K WMy = K,S.”)
k,/=1

Bootstrap equation that determines the 3-point functions. In details
off-diagonal elements (%) o Myy My
K Ma1 Mo,

diagonal elements K2(5) My

K My

(det M)

solutions to these equations exist only for certain pairings!



id-pairing g-CFT

Consider the case where the blocks are glued as

‘V&w”l=ﬂx®“%®~

—BX

> with: x=e"X, x=e ., g=gq!

» in particular, ¢ = e®/? and the x variables are

_bo ot
A = eBlaatastas— C?o)7 B = eBlartas—au—7 )7

C = BRa1—bo)



id-pairing g-CFT

Consider the case where the blocks are glued as

‘V&w”l=ﬂx®“%®~

> Wlth X = eﬂX, )? — e_ﬂx, E’ — q_l

» in particular, ¢ = e®/? and the x variables are

A= e5(0¢1+0¢3+044—%0—00) ., B= eB(a1+a3—a4—%°) , C= eB(2c1—bo)

The bootstrap equations are solved by

3

1 T5(2a)
Ci +3, &2, ¢ = :
d(as, az, 1) TB(QOZT _ QO) ,1:[1 ’Y‘3(2a7— — 20[,')

» where we defined: TAOX) < [[i22 T (X + i%’rk)

k=—o00



St x 52 superconformal index for SQED is equivalent to an id-pairing
g-CFT degenerate correlator (ap = —bg/2)

el

1loop

N¢ . ] . 5 2
0= 3606 |2 ~ 3ok
i=1 i

o
id a Z E |
i=1 i -



St x 52 superconformal index for SQED is equivalent to an id-pairing
g-CFT degenerate correlator (ap = —bg/2)

2

a2 s

20|~ ok
i=1

=

@

- 10

dictionary: writing the flavor fugacities as ¢; = e/# ¥/, & = /P =i

————R

/(s

N¢

i

Zid = Z Gc/ G]Flc))op
i=1

_ Q P —b 4= -9, —¢ Q = -=
al—?o"r’ 122; a3_%_’1 221 2; Qg = *0_11221

where 3 = circumference of S!



St x 52 superconformal index for SQED is equivalent to an id-pairing

g-CFT degenerate correlator (ap = —bg/2)

S

N¢
i
Z/d = Z Gc/ G]Flc))op
i=1

dictionary: writing the flavor fugacities as ¢; = e/?®, ¢;

Qo b= _ by Ei4S-0 -0 _ -
I L R e e e e T Sl 2
where 3 = circumference of S!

gauge theory flop symmetry < g-CFT crossing symmetry

B — 0 limit
CFT: Virg,: — Virasoro, we recover Liouville theory results
gauge: S' x S partition function reduce to 52 partition function

Consistent: S? partition functions match degenerate Liouville

correlators [Doroud-Gomis-Le Floch-Lee]



S-pairing g-CFT

Now, consider the case where the blocks are glued as
2
Hf(X; q)H5 = f(x; q)f (% 4).

> with:

. 5 . ori®l
x = e27r/X/oJ2 , k= eZTI'IX/wl’ g=e miss

» and the x variables are
A= e2wi(a1+a3+a4—%—E)/w2 , B= eZﬂi(a1+a3—a4—%)/wz

C = ¥ri(Ron—ws)/w, , where E =wi+ws+ws

where E = wi + wsy + w3



S-pairing g-CFT

Now, consider the case where the blocks are glued as
2
|feaa)||, = fx )z a).

> with: o
x = e27r/X/wz , %= eZTI'IX/wl’ g=e iy
» and the x variables are

A= e2wi(a1+a3+(y4—%—E)/w2 , B= eZwi(a1+a3—a4—%)/wz
C = ?mi(2on—ws)/wo ,  where E =wi+wy+ws

where E = wi + wsy + w3

The bootstrap equations are solved by 3

H 53(2(1,‘)
53(2&7’ - E) i1 53(2()(7‘ - 2()(,‘)

Cs(az, a2, 01) =

where S3(X) is the triple sine function
+o00

53(X)O( H (w1n1 +w2n2+w3n3—|—X) (w1n1—|—w2n2—|—w3n3—|—E—X)

ny,m2,n3=0



S3 partition function for SQED is equivalent to an S-pairing g-CFT
degenerate correlator (ap = —w3/2)

N¢ N 2
ZS = Z Gc(/l lloop ‘Z H ~ Z Kis's
i=1 i=1

@
'
|
i

-z 1]

Bm oy

I(S)




S° partition function for SQED is equivalent to an S-pairing g-CFT

degenerate correlator (ap = —w3/2)
a.

N¢ ] 5 2 2
ZS:ZGC(II) lloop ‘Z HSNZKIE)
i=1 i=1

r L

B’

I(S)

dictionary:
_ ,'m1+ngmrmz . Qa = g_ ,'m1;mz ,

E . —
a1 = 35 + ,!Eliilﬂg s a3 =



S3 partition function for SQED is equivalent to an S-pairing g-CFT
degenerate correlator (ap = —w3/2)

N¢ N 2
ZS = Z Gc(/l lloop ‘Z H ~ Z KiE'S)
i=1 i=1

@
'
|
i

Sl

Bm oy

I(S)

dictionary:

7,ﬁ2

w3 Py —m—mp _ ,"7771
2 b

E s mp—m E
ar=5+i7572, w=F o iT T, =g

gauge theory flop symmetry < g-CFT crossing symmetry

in fact there are 3 possibilities:

ar=-—wi/2,  q=e ", G=e&m, i#j#k=1,23.



so far:

3d gauge theory partition functions < g-CFT degenerate correlators

‘Z( HS id Z: K(S) ‘ S,id Z

and to show this we derive 3-point functions via bootstrap

(s)

a,
1
i
I
i

N
ZSJd - Z Gc(l) lloop
i=1

'



so far:

3d gauge theory partition functions < g-CFT degenerate correlators

2
N
ST
i=1

and to show this we derive 3-point functions via bootstrap

a, [N

2 EA
Sid Z i |
1

a, B ay

Ii( s)

Ny
I
Zs i = Z G(') lloop

Let's now consider non-degenerate correlators

23

<\/o[1 \/U62 \/a3 Va4>S,id = /da | = /dOt C57;d C57,‘d (COHf.BlOCkS)

oy a A



so far:

3d gauge theory partition functions < g-CFT degenerate correlators

S|
’.Z:; S,id Z

and to show this we derive 3-point functions via bootstrap

a,
1
|
i
!
i

st"d - Z G(EII) IGlIoop I/(S)

i=

BH oy

Let's now consider non-degenerate correlators

23

<\/o[1 \/Uéz \/a3 Va4>S,id = /da | = /dOt C57;d C57,‘d (COHf.BlOCkS)

oy a A

in analogy with the AGT case, it is natural to expect that

5d gauge theory partition functions < g-CFT non-degenerate correlators



Computes 5d super-conformal index.
Coulomb branch localization yields: [Kim-Kim-Lee],[Terashimal, [Igbal, Vafa]

2
ZSA><51 :/d& Zl—|00p(5:7 Iﬁ) Z:i‘;lt( ag, _',Z; q, t)

|ZBd

| 2
inst

is the contribution of point-like instantons at N and S poles

1-loop contribution

vector multiplet:

Z)%0p(0) HTB ia(0)) TP (—ia(o))

a>0

hypermultiplet of mass m in a representation R:

ZP (o, =II" ( (o) + m) + Q°>

PER

B=circumference of S!



Conjecture: Zsay g1 correspond to non-degenerate correlators with
Virge @ Virge symmetry and id-pairing 3-point function.



Conjecture: Zsay g1 correspond to non-degenerate correlators with
Virge @ Virge symmetry and id-pairing 3-point function.
Example:
a a
z;'gif;l = (Vi Vi, Vs Vo D id = / da
L ra—

» bd instantons vs Viry: non-degenerate conformal blocks:

[Awata-Yamadal,[Mironov-Morozov-Shakirov-Smirnov|
5d,SCQCD __ rqt
Zinst - ]:ozlazoeoz3a4
» 1-loop vs 3-point function:
4

h
Zi/ﬁgtop(o') H 1—%22;(0—7 m;j, F)

i=1

Cia(a1, 2, a)Cig(Qo — o, a3, 0ua)

with dictionary:
Oé:iO'—l—%,Oél:i:az:iml’g-i-Qo, a3:|:a4=im3,4+Qo



Conjecture: Zsay g1 correspond to non-degenerate correlators with
Virge @ Virge symmetry and id-pairing 3-point function.
Example:
a a
z;'gif;l = (Vi Vi, Vs Vo D id = / da
L ra—

» bd instantons vs Viry: non-degenerate conformal blocks:

[Awata-Yamadal,[Mironov-Morozov-Shakirov-Smirnov|
5d,SCQCD __ rqt
Zinst - ]:ozlazoeoz3a4
» 1-loop vs 3-point function:
4

h
Zi/ﬁgtop(o') H 1—%22;(0—7 m;j, F)

i=1

Cia(a1, 2, a)Cig(Qo — o, a3, 0ua)

with dictionary:

Oé:iO'—l—%,Oél:i:az:iml’g-i-Qo, a3:|:a4=im3,4+Qo

52 x S'is a codimension 2 defect — degenerate id-correlator



N =1 theory on S°
Wiz + w2 + Wiz = 1

Coulomb branch localisation yields: [Kallen-Zabzine],

[Hosomichi-Seong-Terashima],[Imamura],[Kim-Kim-Kim],[Lockart-Vafa],

Zss = /déz ZC/(&,T;Q) leoop(éza Iﬁ,(:)’)

754,11

5d,111
inst Z;

x 2243, i, 2, g, 1) (7, m,z:q,t) Zow" (3,m, 2, q, t)



N =1 theory on S°
Wil + Wizl + Wizl =1

Coulomb branch localisation yields: [Kallen-Zabzine],

[Hosomichi-Seong-Terashima],[Imamura],[Kim-Kim-Kim],[Lockart-Vafa],

Zss = /d(? ZC/(&,T;Q) leoop(aza Iﬁ,ﬂ)

754,11

5d,111
inst Z;

XZ'SdJ(a:? I’ﬁ, Z: 4, t) inst

inst (6!’ I’ﬁ,Z; qv t) (537 Iﬁ,Z; qa t)

» Instantons comes with equivariant parameters

22 _opi¥3 omil  _omi¥3 omil  _opj¥2
(g,t): (e “1,e “i ), (e w2 w2 , (e ws,e w3
! 1] 1



_/\;”’ —

1 theory on S°
wilzi? + w3z + wi|zf? =

Coulomb branch localisation yields: [Kallen-Zabzine],

[Hosomichi-Seong-Terashima],[Imamura],[Kim-Kim-Kim],[Lockart-Vafa],

Zss = /déz ZC/(&,T;Q) leoop(azafﬁ;w)

stl( F,m,z;q,t) 75d, //( &, M.z q,t) 75d. ///(5,) i,

inst inst inst

Instantons comes with equivariant parameters

. 27rf% 7277i§ 27ri§ 7271'/'% 27ri§
(qvt) € 1,e 1 ) € 2,e 2 ) € 3,e
! 1

» lloop contribution
» vector multiplet:

i’ﬁ,cotp H S3(ia(0))Ss(—ia(o))

a>0

» hypermultiplet of mass m in a representation R:

z,q,t)

o EN '
Z{',f)'zp(amR)fH53< +m)+2)

PER



Conjecture: Zgs correspond to non-degenerate correlators with
Virge @ Virge ® Virg: symmetry and S-pairing 3-point function.



Conjecture: Zgs correspond to non-degenerate correlators with
Virge @ Virge ® Virge symmetry and S-pairing 3-point function.

Example:

ZSQCD <VDt1 VOéz Va3 Va4 S = / da

» bd instantons vs Virg: non-degenerate conformal blocks:

[Awata-Yamadal,[Mironov-Morozov-Shakirov-Smirnov|

75d.5CQCD _ gt

inst [e5Xe% Yo 7e %Yo 7Y

> lloop vs 3—point function:

Zit thyper g, miaF) = CS(O‘haZaO‘)CS(E* Oé,Oé37014)

lloop 1-loop

with dictionary: @ = io + g , a1 t+a=im + E,

azt+ag=imy+E, az3—as=imy.

a1 — Qi = im2



Conjecture: Zgs correspond to non-degenerate correlators with
Virge @ Virge ® Virge symmetry and S-pairing 3-point function.

Example:

ZSQCD <VDt1 VOéz Va3 Va4 S = / da

» bd instantons vs Virg: non-degenerate conformal blocks:

[Awata-Yamadal,[Mironov-Morozov-Shakirov-Smirnov|

75d.5CQCD _ gt

inst [e5Xe% Yo 7e %Yo 7Y

> lloop vs 3—point function:

Zit thyper g, miaF) = Cs(al,az,Q)CS(E*OZ,O&&OM)

lloop 1-loop

. . . . . E . .
with dictionary: a =ioc+ 35, ar+ax=im+E, o1 —ax=im
azt+ag=imy+E, az3—as=imy.

S? is a codimension 2 defect — degenerate S-correlator



Degeneration check: [Nieri, Pasquetti, Passerini, to appear]

SQCD SQED
Zs — ZS

For ap — —ws/2 we have a — o = a; + w3 /2 and | ZX ¢
b




[Nieri, Pasquetti, Passerini, to appear]

For ap — —ws/2 we have a — a® = a; 4+ w3 /2 and ZSQCD ZSQED

In details
2 i 1,2
/da Zl/oop — Z Gl(;c)xop’ Zg at Gé/’ ) )
i=1
5d,1 (1,2 5d, 11 o
stt_z(“.)ﬁz(.“)_zv ’ stt - Z()_)Z()_ZV
Y1,Y> 0,17 Wy, Wa 0,n
5d n _
Zinst Z( %Z():l
X1,X2 0,0
so that
5d,l »5d,1l »5d,11I (1,2)
Zrnst Zlnst stt ‘ ‘ZV ‘ ‘S

and similarly for permutations of w1, w», ws.

Degenerate correlators/ZgQED are cross-symmetry/flop invariant.
—Hints of cross-symmetry/S-duality invariance for S° theory



some evidence for a g-CFT-like structure of 5d and 3d partition
functions

use gauge theory to study g-CFT

consider other pairings to construct correlators

test of crossing symmetry in the non-degenerate case

use g-CFT to study gauge theory

construct Verlinde loop operators and study their gauge theory
meaning



